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Abstract 
Aesthetic patterning of free-form surfaces is difficult and time consuming, especially for a non-
expert user of a 3D Computer-aided design (CAD) system. This paper presents a computational 
method for automatically generating aesthetic patterns based on minimal user input. The system 
produces anisotropic geometric feature patterns in three-steps: (1) model preparation, (2) feature 
interpolation via a tensor field and bubble packing, and (3) pattern generation on a selected surface 
using standard Boolean operations and CAD engine primitives (e.g., points, planes, and ellipses). The 
user inputs a small number of geometric features called "seed features" with the desired size and 
orientation in preferred locations within the target area. The tool generates the location, anisotropic 
size, and orientation of geometric features while preserving the target-area boundaries. These 
geometric seed features are then transformed into tensors and used as boundary conditions to generate 
a Riemannian metric tensor field that represents the anisotropic attributes of the features. A form of 
the Laplace's heat equation is used to produce the field over the target domain which is subject to the 
specified boundary conditions. The structure and the field described by Laplace's equation determines 
the geometric features and increases them whenever this field has the greater value. Repeated 
geometric patterns are then generated on a free-form curved surface by packing elliptical cells. This 
process was developed as an add-on for a commercial CAD package. All the features can be edited 
further within the CAD software if the user desires. In this paper we demonstrate the application of the 
proposed automated patterning method to additively manufactured personal products. 
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1 Introduction 
The American Society for Testing and Materials (ASTM) defines additive manufacturing (AM) as 
the process of joining materials to make objects from 3D model data, usually layer upon layer, as 
opposed to subtractive manufacturing methodologies where the material is taken away during the 
fabrication process (e.g. lathing, milling, cutting, grinding) (Wohlers, 2012, Mellor et al., 2014, 
F2792-12a, 2015, Gao et al., 2015).  For Do-It-Yourself (DIY) makers AM is an important technology 
that enables them to design and fabricate personal products with different materials, finishes, sizes, 
colors and even textures at their homes.  
Compared with other manufacturing techniques, AM technologies offer certain advantages that 
make them suitable for fabrication of objects with intricate shapes. Even when complexity is added to 
the parts or assemblies, the cost does not necessarily increase (Berger, 2013). AM can achieve 
satisfactory accuracy while using material efficiently and yielding minimal waste (Huang et al., 2013). 
AM technologies work directly from a computer model to generate a finished product with less 
manufacturing demands for intricate shapes and without the need for specialized tools (Hopkinson and 
Dickens, 2006, Huang et al., 2013). 
Using AM, complete assemblies can be arranged from the start through part consolidation. It is 
feasible to generate a final object in just one step, eliminating stages of production (Berger, 2013). 
Since no inventories have to be kept, parts cost can decrease. Moreover, spare parts availability can 
expand as it is less costly to retain old designs than excess inventories (Berman, 2012). 
With these significant advantages, AM’s application area has expanded to include: highly 
efficient turbine blades with more complicated internal cooling channels and medical implants 
completely customized for individual patients (Hu et al., 2015). 
 
Our previous work focuses on the geometric patterning of free-form surfaces, and we believe that 
our techniques are suitable for personal products that are manufactured by additive fabrication 
processes. With our techniques, a user can customize a personal product by changing locations, sizes, 
and directionality of any seed feature to create a particular pattern. In addition, the user can enforce 
some constraints such as boundary compliance, number of iterations, and interpolation of geometric 
feature types. 
The new techniques presented in this paper help designers create aesthetically pleasing geometric 
patterns on free-form surfaces in a fraction of the time required by manual operation. We alleviate the 
tedious work of anisotropic geometric feature generation by automating the process. This is a 
 
Figure 1: Examples of decorative vases with a pattern of geometric features on
their surface. These patterns can be time-consuming and difficult to create using 
limited patterning tools of a commercial CAD system. 
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significant improvement over other simpler patterning techniques currently available in commercial 
CAD software packages. 
2 Problem Statement 
 
Current commercial CAD systems are not able to automatically generate repeated geometric 
patterns for arbitrary highly-curved free-form surfaces that also respect enclosing boundaries such as 
the one shown in Figure 1. These systems yield patterns that are not eye pleasing, as illustrated in 
Figure 2(a). Manually placing geometric features is a likely solution, but it is tedious and time-
consuming. Figure 2(b) shows a boundary-aligning pattern created automatically by our method. 
 
 
 
Figure 2: (a) A pattern created by using the fill-pattern tool in SolidWorks. The
pattern does not follow the containing boundary. (b) A pattern created by our tool.
The pattern follows the boundary. 
 
Figure 3: Boundary conforming anisotropic pattern is shown with user’s input
that specifies the desired directionality and size across the flat surface of a phone 
case. The seed features create a flow interpolating the geometric input and giving an 
effect similar to an arc. Here the arc is shown as a broken line to capture the flow. 
(a)                                                     (b) 
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In this paper, we propose computational methods for creating anisotropic geometric patterns 
automatically on free-form surfaces. The methods are suitable for the patterning application for 
additively manufactured personal products. The system utilizes a physically based optimization of 
bubbles known as bubble packing.  Bubble packing was originally conceived for finite-element mesh 
generation (Shimada, 1993, Shimada and Gossard, 1995, Shimada and Gossard, 1998) in conjunction 
with anisotropic interpolation of seeds based on the Laplace-Beltrami operator, a mathematical 
structure that defines the divergent of the gradient. This has been used mostly in surfaces on 
Riemannian and pseudo-Riemannian manifolds (Andrade and Shimada, 2013, Andrade et al., 2015). 
The proposed process consists of three steps: First, the system targets a particular region of a 
given geometry and converts the information on the current manifold. In the second step, the user of 
the system creates seed features, that contain the size and orientation that the rest of the pattern will 
summon as shown in Figure 3. After the user gives the seeds, a nonlinear system of equation is created 
using a stencil. The solution of the system is a tensor field over the entire target domain. This solution 
becomes the new features at the location given by a modified version of bubble packing where 
anisotropic information is used to control bubble creation, the number of iterations, and convergence. 
In the final step, the CAD data is transformed into the stereolithography (STL) format for 3D printing. 
The diagram in Figure 4 shows the flow of this scheme. 
 
Figure 4: The process consists of three steps: (1) the user specifies a Target
Region &% and Geometric Seed features '$. Seed features are translated into tensor-
valued boundary conditions used to solve a tensor-valued partial differential
equation over a background mesh. The resulting tensor field is used to define the 
packing/shaping metrics (+#+$> . (2) &%  will be filled with tightly packed
bubbles with the new tensor information that contains location, rotations, and sizes 
of each geometric feature of the pattern. (3) A set of generated geometric features '
is added to &"completing the process. 
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3 Related Work 
A direct connection between AM and the marketplace for the DIY movement offers fertile ground 
for this project. In such a marketplace there exists a vast collection of AM products that are designed, 
fabricated, and sold by ordinary people (Fox, 2014). 
DIY websites enable the combination of the read-write functionality of Web 2.0 with computer-
aided design tools and digitally driven manufacturing equipment such as additive manufacturing 
machines and/or computer-numerically-controlled routers. This has the added benefit of enabling close 
interaction among individuals regardless of their locations (Fox, 2014). 
Users can create new 3D designs with the help of a broad range of computer-aided design 
software packages (e.g., Autodesk Inventor, Blender, and Pro/Engineer). Alternatively, users can scan 
existing products with 3D scanners and then manipulate the products using the CAD software. Online 
storefronts such as Sculpteo, Shapeways, and Ponoko allow the user to download content and upload 
new design models. 
There is a big push towards a web-browser-based CAD manipulation tool for jewelry creation. 
Some of these web-based 3D jewelry design tools such as Cell Cycle (by Nervous System) use 
innovative physics simulations to create designs based on naturally occurring cellular structures on a 
3D spring mesh, where each edge simulates a spring that is trying to relax with boundaries on the top 
and the bottom of the model. 
Shapeways offers many agents for jewelry creation in their Custom Ring tool. Customization is 
possible with this site, but it works on a limited number of prescribed parameters. Custom Ring places 
a texture on the surface of the model via a simple conformal mapping. Then they use a grayscale depth 
map to create a 3D view by setting up a regular grid on a 2D plane, for example an X-Y plane, at one 
vertex per pixel. With the texture coordinate going from 0 to 1, the Z value is set to the grayscale map. 
With this simple procedure, customization is achieved. When changes occur, however, the pattern 
needs to be processed again, as each feature is not independent. 
 WIZEgen is another web-based jewelry design tool. The results are impressive. This web-tool 
can alter the geometric parameters of the underlying models. It has a freehand mode for 3D 
manipulation. It can add texture to the surface of the models. It also includes text for engraving and 3D 
printing ready capabilities. The user, however, can only work with only a small number of templates. 
The Technische Universität Berlin and Universität der Künste Berlin have another research 
project that has produced personalized software for ring creation called Ciphering, where the user 
encodes messages on the surface of a ring. These messages are encoded in four digits to a physical 
structure of a ring and can be decoded when light shines through the ring. It is an example of 
something possible using AM that otherwise takes months of preparation but only a matter of minutes 
with computing generation. 
Software for jewelry design has not been developed fully, specifically for aesthetic surface 
patterning. The ideal software tools should allow artists to design and manufacture jewelry using the 
power of CAD without needing to be an expert CAD user. 
4 Proposed Computational Method 
 
This section presents a computational method for automatically creating a pattern with anisotropic 
characteristics on a free-form surface. 
The method is implemented as an add-on for a commercial CAD system. It connects the 
geometric engine’s framework using native calls for creation and manipulation of primitive objects 
such as lines and sketches before using them as the basis for set operations such as union, intersection, 
and difference. 
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In this system, once the designer selects a flat or curved surface and adds seed features to specify 
the desired size and directionality of the pattern, the system creates an optimal anisotropic pattern 
automatically, as shown in Figure 3. 
We made use of a modified version of bubble packing and a tensor field solver to create the 
patterns (Yamakawa and Shimada, 2000, Andrade et al., 2015). The following section describes 
briefly how this works. For a detailed explanation of the system, refer to our previous publications 
(Andrade and Shimada, 2013, Andrade et al., 2015).    
4.1 Shaping Geometric Features with a Tensor Field 
The primary task is to rotate and stretch geometric seed features given variation of the orientation 
and sizes, within a particular region, to generate a regular geometric pattern with anisotropic 
characteristics, as shown in Figure 5. This idea has been well examined in mesh generation where 
anisotropic meshes are capable of efficiently capturing solution changes that are more pronounced in a 
particular direction. In principle, this technique allows the user to change the geometric characteristics 
of a given region by encoding sizing and shape changes in a Riemannian metric tensor field (Andrade 
et al., 2015). 
 
A metric tensor is a mathematical structure that helps to compute distances in non-Euclidean 
space. It is a three-by-three matrix in three dimensions. Despite Riemann’s innovation, this way of 
measuring still relies on the Pythagoras Theorem. When the tensor information changes while moving 
from a point in space to another, it becomes a field denoted by ( * . 
The idea of using metric tensors is to take advantage of an interesting property: they hold, by 
definition, the size and orientation of a given point on the field inside of their structure. 
As mentioned earlier, this structure looks like a matrix. When decomposed into its eigenvalues 
and eigenvectors, size and orientation become apparent. 
A Riemannian metric tensor (  that, by definition, is symmetric, positive definite can be 
decomposed numerically using Jacobi rotations into its eigenvalue and eigenvector, which uses 2 ;
 
Figure 5: Seed features are rotated and stretched, yielding variation of the 
orientation and sizes, thus making the pattern anisotropic. 
Automated Generation of Repeated Geometric Patterns for Customized Additively Manufactured
Personal Products Andrade, He and Shimada
949
  
39
39 8
. In other words, the unit vectors from the eigenvectors 2. These mutually orthogonal directions 
define the axes of a general ellipsoidal bubble as follows: 
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 ;   are the semi-diameters of an ellipsoid along the principal axes, and  represents the 
eigenvalues, as shown in Figure 6. 
Once the seed features on the target region have been translated into Riemannian metric tensors, 
the next step is to generate a tensor field over the entire target region. The goal is to obtain a tensor 
field that smoothly varies between these seed feature metrics. A numerical solution of a partial 
differential equation (PDE) such as Laplace's equation is considered. 
Steady-state temperature distributions with a spatially constant thermal conductivity and no internal 
heat sources is modeled as follows:!7. ;  on   and  ; ,   on , where is the temperature 
distribution over the target region,  is the target region,  is the boundary of the target region, and , 
is the prescribed temperature on that boundary (Vyas and Shimada, 2009, Andrade et al., 2015). 
Tensor field generation: 
In producing a tensor field on a surface we considered: 
•Ensure that an appropriate background mesh is present along with boundary conditions that 
have been derived from the seed features. 
• For isotropic tensors, perturbing their eigenvalues by a small amount may avoid unnecessary 
singularities in the field that lead to visual errors in the final pattern. 
 
Figure 6: Ellipsoidal bubble represented by the semi-diameters d1, d2 and d3. In 
turn they are the basis of our geometric features. 
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•Assemble a global system  ;   by applying the stencil formula in Equation 1 to the 
background mesh nodes while considering the specified seed boundary conditions. Here,  is 
a vector of all the unknown independent components of the tensors at nodes where no 
boundary conditions are specified. 
• Solve the global system. Here we used the biconjugate gradient stabilized method 
(BiCGSTAB) (Saad, 2003). 
 
Note that even when the stencil accounts for variation in the surface normals between a node and 
its neighbors, the tensors in the final solution may not fully align with local surface normals. 
4.2 Packing Bubbles 
Our method makes use of bubble packing, a physically based tight packing of cells, or bubbles. 
This method was originally developed for mesh generation in the Finite Element Method (FEM) 
(Shimada, 1993, Shimada and Gossard, 1995, Shimada and Gossard, 1998). It creates a background 
mesh to be used during tensor field generation and then interpolation in a later stage in our technique 
(Andrade et al., 2015). 
The bubbles are utilized by the system to embed the geometric features in a surface. The 
information given by the tensor field corresponds to the directions and sizes of the features; they are 
maintained and used during the bubble packing simulations. For more details, refer to (Shimada, 1993, 
Shimada and Gossard, 1995, Yamakawa and Shimada, 2000, Andrade et al., 2015) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The distance between two touching adjacent bubbles defines the stable distance ,. In nature, two 
molecules in vicinity interact via van der Waals forces. A first, actual estimation used to describe such 
connection is usually the inter-molecular force denoted here as 	 and defined by the Lennard-Jones 
form (Shimada, 1993, Shimada and Gossard, 1995, Shimada and Gossard, 1998, Yamakawa and 
Shimada, 2000). These forces pull the bubbles together (see Figure 7) when they are separated farther 
than the stable distance , and push them apart when the separation is less than the stable distance ,.  
 
 Figure 7: General bubble packing criteria for stable force based on distance 
among bubbles. 
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The force, 	 , is a bounded cubic function that drives the bubble connections respecting the 
following conditions: (a) When two bubbles are close together, the forces should be the maximum 
allowed without growing further and causing instability on a numerical implementation. (b) The forces 
used here only are applied to a confined space and not on the entire region of interest, thus preventing 
unnecessary calculations and faster convergence to a stable state. 
In this way, physically based relaxation is used to find a bubble configuration that yields a static 
force balance in a direction tangential to the surface of the bubble, thus making the summation of 
applied forces on a bubble parallel to the surface normal. Assuming a point of mass 2 at the center of 
each cell with coordinates 2  and the effects of damping governed by 2 , the motion equation is 
obtained for each bubble via integration of Newton’s second law (Shimada, 1993, Shimada and 
Gossard, 1995, Shimada and Gossard, 1998, Yamakawa and Shimada, 2000). 
The equation of the movement for the 
-th bubble can be written as: 
 
2
.2 
. : 2
2 
 ; 	2   
 ;     
 
Finally, the fourth-order Runge-Kutta method is used to integrate the partial differential equations 
to determine the locations of the bubbles at each time step until the forces balance out and net changes 
are not visible in the system. The user specifies a suitable threshold for the movements of the bubbles 
as well as a maximum number of iterations. As time passes, the bubble system approaches equilibrium 
and forms a tightly packed configuration of bubbles (Andrade and Shimada, 2013, Andrade et al., 
2015). 
 
( :  Metric tensor 
( * : Metric tensor field 
) : Eigenvectors 
 : Eigenvalues 
2:  Critical damping coefficient 
 : Unit Eigenvector 
 : Semi-diameter of an ellipsoidal bubble 
	 : Driver force in bubble simulation 
2:  Mass 
,: Stable distance 
 
4.3 Adding Features to Base Geometry 
 
Preceding sections demonstrated how features are created and characterized using location, sizing 
and orientation on a given surface via bubble packing and the Riemannian tensor field.  
Generating geometric features on the initial surface is the next step. We traverse the surface 
decomposing each tensor in the field ( *  into eigenvalues and eigenvectors. With this geometric 
information, we can create a user-defined coordinate system at each location of a geometric feature. 
The unit vectors of the user-defined coordinate system correspond directly to the components of 
the three eigenvectors in ). The sizes are the semi-diameters of the ellipsoid (d1, d2 and d3) related to 
. 
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We define the tangent, normal, and binormal unit vectors in terms of each other using the 
definition in differential geometry for the Frenet–Serret frame to describe our user-defined coordinate 
system on a curve in three-dimensional Euclidean space (Andrade et al., 2015). In section 5, we 
present our results where only the final geometric features are visible using Autodesk Inventor as the 
geometric engine environment. One important aspect is that, if required, all the definitions and 
elements are available for subsequent user manipulation. 
5 Results 
We use selective laser sintering (SLS) as the method of choice for fabrication. An increasing 
number of designs including moving parts, prototypes, consumer products, architectural models, and 
hardware are using this technique. 
SLS is one of the most rapidly growing AM procedures, mainly due to its wide range of available 
materials: polymers, metals, ceramics, and many types of composites. Powders that depict little fusion 
or sintering properties can be laser sintered by adding a sacrificial binder material to the basic powder 
(Kruth et al., 2003). This specialty allows the creation of complex or previously impossible 
geometries. 
Desirable powders’ characteristics include finer particle size (thinner layers, better resolution, and 
finer roughness), better flowability (for easier powder layer deposition), less shrinkage during laser 
sintering (no part warpage), higher density, greater strength, etc. (Agarwala et al., 1995). 
SLS uses a high power laser to fuse powdered material by selectively scanning the thin layer of 
powder and melting powder particles in the shape of the cross-section of the 3D part. After each cross-
section is generated, the powder bed is descended and a new powder layer is applied on the top. The 
process is repeated until the 3D part is finished.  
One of the applications for SLS is in jewelry, and we tested our patterning tool to customize 
jewelry designs. Four patterns were created for pieces of jewelry and one free-form shape: (1) a heart 
pendant, (2) two leaf-earrings, (3) a free-form structure and (4) a bracelet. The results are shown in 
Figure 8-12, showing: (a) base model and target region used, (b) a rendering of the graded and 
anisotropic pattern and the count of geometric features created by the patterning tool, and (c) the final 
3D printed result that uses a strong & flexible plastic (Fine Polyamide PA 2200) using SLS as the 
method of fabrication. 
Figure 8 shows a graded geometric pattern on a curved heart shape pendant. The area in blue 
represents the target region where this pattern resides. The seed features accounted for the changes in 
size of the pattern and arranged in such a way so as not to disturb the geometry.  
Figure 9 corresponds to a leaf earring. The boundary presents four geometric seed features, they 
are on opposite sides of the surface, with more stretching presented on the top and bottom of the 
model. The tool properly captures the user's intent for this jewelry design. 
Figure 10 shows a geometric pattern with graded and anisotropic behavior on a curved leaf shaped 
pendant. The user added seven seed features that gathered the changes in size and orientation intended 
by the designer. 
Figure 11 is a free-form shape where the size of the features changes from small and compact to 
large and stretched in a left to right direction. The designer introduced six seed features to produce a 
total amount of 232 geometric features over the surface. Figure 12 has a complex topology, but our 
system captures a pleasant flow of patterns, taking six seed features from the user. 
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(a) (b) (c)  
Figure 8: Heart pendant: (a) the base model and the target region with five seed features. (b) The resulting 
pattern contains 52 features. (c) 3D printed result. 
   
(a) (b) (c)  
Figure 9: Leaf earring: (a) the base model and the target region with four seed features. (b) The resulting 
pattern contains 58 features. (c) 3D printed result. 
  
 
(a) (b) (c)  
Figure 10: Leaf pendant: (a) the base model and the target region with seven seed features. (b) The 
resulting pattern contains 108 features. (c) 3D printed result. 
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(a) (b) (c)  
Figure 11: Free-form shape: (a) the base model and the target region with six seed Features. (b) The 
resulting pattern contains 232 features. (c) 3D printed result. 
  
 
(a) (b) (c)  
Figure 12: Bracelet: (a) the base model and the target region with six seed Features. (b) The resulting 
pattern contains 733 features. (c) 3D printed result. 
5.1 Discussion 
 
Even when the user adds from a couple to a half a dozen seed features, the systems actively adds 
more tensors that become boundary conditions to the PDE described in Section 4.1. This is done for 
two reasons: first, with more boundary conditions the PDE solver can effectively get to a solution 
faster, and second, the solution is meaningful with less visual errors. 
The minimum number of seed features that the user needs to supplement is three. Our system then 
interpolates tensors along the surfaces adding more features without the user’s interaction. By default, 
the tensors have a prescribed size as a preventive measure for unwanted results in case the user does 
not add enough seed features. 
After the user creates seed features with a geometric engine (e.g., Autodesk Inventor) via its user 
interface, the entire process, on a Mac running the Windows 10 operating system in a 2.8 GHz Intel 
Core i7 with 16 GB of RAM, executes in a total of 5 minutes on average (~30 s for bubble packing, 
~45 s for the Riemannian tensor field, and ~4 min for set operations inside Autodesk Inventor). 
Users have to pay attention to the thin wall issues of the models since some 3D printers cannot 
produce specific thicknesses according to the material used. The wall thickness will have different 
requirements according to different materials. For that reason, users need to specify the boundary of 
the target region more carefully just in case the wall thickness is under the minimum requirement. It is 
important that wall thickness (separating pattern features) is above this minimum size requirement.  
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6 Conclusions 
The developed tool is an add-on for Autodesk Inventor, and the user just needs to create a few 
seed features in the target region and specify their sizes, locations, and orientations. The tool will then 
automatically generate an anisotropic and graded pattern according to the user inputs.  
For some complex curved surfaces such as the bracelet in Figure 12, the user might need to define 
a few more seed features in the target region, so the tool has better boundary conditions to solve for 
the Laplace-Beltrami PDE. This practice helps to adjust the number of iterations according to the seed 
features’ sizes to avoid overlapping bubbles.  
Compared to other CAD tools that cannot automatically generate geometric patterns on a curved 
surface, our tool can significantly reduce the design time for designers from couple hours to just 
minutes. It also enables designers to locate accurately the pattern’s position along the curved surface 
and make graded designs elegantly. Similarly, the tool requires less professional CAD skills from 
users, and it encourages the non-professional users to create stylish patterns easily for their DIY 
products. 
The examples shown earlier demonstrate how simple it is to create an anisotropic, graded, and 
aesthetically pleasing pattern with our tool. After the model is completed, users can simply upload 
their models to a 3D printing service online and order them. 
The tool presented encourages users to compose and experiment with intricate and aesthetically 
pleasing geometric patterns in an easier fashion by removing tedious CAD operations, such as changes 
in working planes or anisotropy characteristics of the features. 
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